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We report a new type of spin-orbit coupling (SOC) called geometric SOC. Starting from the
relativistic theory in curved space, we derive an effective nonrelativistic Hamiltonian in a generic
curve embedded into flat three dimensions. The geometric SOC is O(m−1), in which m is the
electron mass, and hence much larger than the conventional SOC of O(m−2). The energy scale
is estimated to be a hundred meV for a nanoscale helix. We calculate the current-induced spin
polarization in a coupled-helix model as a representative of the chirality-induced spin selectivity.
We find that it depends on the chirality of the helix and is of the order of 0.01~ per nm when a
charge current of 1 µA is applied.
Introduction—Spin-orbit coupling (SOC) is a relativis-
tic interaction between the spin and the orbital motion of
an electron. It gives rise to many intriguing phenomena
such as the spin Hall [1] and the Edelstein effects [2–5].
The spin Hall effect is a phenomenon in which the spin
current flows perpendicular to an applied electric field,
leading to the spin accumulation at the boundaries. Its
theoretical rediscovery [6, 7] motivated the recent devel-
opment in topological insulators [8, 9]. On the other
hand, the Edelstein effect is a phenomenon in which spin
polarization is induced by the electric field only when
the inversion symmetry is broken. These phenomena are
governed by the energy scale of the SOC, which is pro-
portional to Z4 in atomic limit, Z being the atomic num-
ber. Thus, heavy elements are more likely to demonstrate
nontrivial effects caused by the SOC. In fact, the large
spin Hall effect was observed in heavy metals including
Pt [10–13] and Au [11, 12, 14], and the Edelstein effect
was observed in a Bi/Ag interface [15] and topological
insulator surfaces [16, 17].
In contrast, a spin filtering effect that resembles the
Edelstein effect was reported in chiral molecules com-
posed of light elements [18–22]. The spin polarization
of photoelectrons transmitted through the molecules de-
pends on the molecular chirality. Recently, the effect of
chirality on the magnetoresistance was reported [23, 24].
These phenomena are called chirality-induced spin selec-
tivity (CISS) [25, 26]. Surprisingly, the energy scale of
the SOC relevant to the CISS was experimentally esti-
mated as hundreds of meV [22], which is unexpected in
light elements. Previous theoretical explanations of the
CISS relied on the existence of a large SOC [27–36]. How-
ever, the origin of the SOC remains unclear.
The CISS strongly indicates the existence of a large un-
known SOC in chiral molecules. The conventional SOC
is derived from the Dirac Lagrangian density in electro-
magnetic field in flat spacetime. Furthermore, a novel
coupling between the spin and mechanical rotation was
derived from relativistic quantum mechanics in curved
spacetime [37, 38]. Since the chiral molecules are mod-
eled as a one-dimensional (1d) curve embedded in 3d
flat space, we can assume that the large SOC in chiral
molecules originates from the relativistic effect in the 1d
curve.
In this Letter, we derive an effective nonrelativis-
tic Hamiltonian in a generic curve from the Dirac La-
grangian density in curved space. We use the Frenet-
Serret (FS) frame to describe the curve embedded in
3d flat space [32, 39–41], apply the thin-layer quanti-
zation to derive an effective Lagrangian density in the
curve [39, 42], and then perform the Foldy-Wouthuysen
(FW) transformation to take the nonrelativistic limit [43,
44]. We find what we call geometric SOC of O(m−1), in
contrast to the conventional one of O(m−2), where m is
the electron mass. The energy scale is estimated to be
a hundred meV. We also calculate the current-induced
spin polarization in a coupled-helix model and find that
it is of the order of 0.01~ per nm when a charge current
of 1 µA is applied.
Derivation of the geometric SOC—We begin with the
Dirac Lagrangian density in curved spacetime,
L = eψ¯[~γae µa (∂µ + iω¯abµΣab/4)−m]ψ. (1)
eaµ is a vielbein, which is related to a metric as gµν =
ηabe
a
µe
b
ν , whereas e
µ
a and e ≡ det eaµ are the inverse
and the determinant of the vielbein, respectively. ω¯abµ is
the torsion-free spin connection calculated as
ω¯abµ = (e
ν
a tbµν − e νb taµν − e ρa e σb ecµtcρσ)/2, (2)
with taµν ≡ ∂µeaν − ∂νeaµ. γa is the γ matrix that
satisfies {γa, γb} = 2ηab, and Σab ≡ [γa, γb]/2i is pro-
portional to the spin. We take the Minkowski metric as
ηab = [−1,+1,+1,+1]. In this convention, the γ matrices
are expressed as γ0ˆ = iβ, γ ıˆ = iβαıˆ with use of the Dirac
matrices that satisfy {αıˆ, αˆ} = 2ηıˆˆ, {αıˆ, β} = 0, β2 = 1.
ψ is a four-component spinor, and ψ¯ ≡ ψ†β is the Dirac
conjugate.
First, we define a coordinate system. We introduce the
FS frame to describe a generic curve ~r(s) parametrized
by its arc length s. The tangential, normal, and binormal
vectors are defined as ~T ≡ ~r′, ~N ≡ ~T ′/κ, ~B ≡ ~T × ~N and
ar
X
iv
:2
00
2.
05
37
1v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
13
 Fe
b 2
02
0
2satisfy the FS formula, ~T~N
~B
′ =
 0 κ 0−κ 0 τ
0 −τ 0
 ~T~N
~B
 . (3)
Here, κ and τ are the curvature and the torsion, respec-
tively. Right- (χ = +1) and left-handed (χ = −1) he-
lices are described by ~r = [R cos s/L,R sin s/L, χPs/L],
where R and 2piP are the radius and the pitch, respec-
tively, and L ≡ √R2 + P 2. The FS vectors are expressed
as
~T =
1
L
−R sin s/LR cos s/L
χP
 , (4a)
~N =
− cos s/L− sin s/L
0
 , (4b)
~B =
1
L
 χP sin s/L−χP cos s/L
R
 . (4c)
The curvature and the torsion are κ = R/L2 and τ =
χP/L2, respectively.
We now shift to a rotated FS frame {~t, ~n,~b} following
Refs. [32, 39, 40]. These vectors are defined as~t~n
~b
 =
1 0 00 cos θ − sin θ
0 sin θ cos θ
 ~T~N
~B
 , (5)
in which θ is related to the torsion as
θ(s) ≡
∫ s
0
ds′τ(s′). (6)
From Eq. (3), we obtain~t~n
~b
′ =κ
 0 cos θ sin θ− cos θ 0 0
− sin θ 0 0
~t~n
~b
 . (7)
The original and the rotated FS frames in a right-handed
helix are depicted in Fig. 1.
We define a coordinate system for this frame as
~x(s, q2, q3) = ~r(s) + ~n(s)q2 + ~b(s)q3. q2 = q3 = 0 de-
scribes the curve. We obtain d~x = ~teds + ~ndq2 + ~bdq3
with e = 1−κq2 cos θ−κq3 sin θ being the determinant of
a vielbein chosen below. The rotated FS frame is better
than the original one because its metric is diagonal. We
choose a vielbein as e0ˆ
0
= 1, eıˆs = t
ıˆe, eıˆq2 = n
ıˆ, eıˆq3 = b
ıˆ
and e 0
0ˆ
= 1, e sıˆ = tıˆ/e, e
q2
ıˆ = nıˆ, e
q3
ıˆ = bıˆ. With this
choice, taµν defined above and the torsion-free spin con-
nection Eq. (2) vanish.
The Dirac Lagrangian density Eq. (1) is expressed as
L =ψ†(ei~∂0 + i~~α · ~t∂s + ei~~α · ~n∂q2
FIG. 1. The original (dashed) and the rotated (solid) FS
frames in a right-handed helix. The tangential (~T = ~t), nor-
mal ( ~N,~n), and binormal vectors ( ~B,~b) are represented by
red, blue, and magenta arrows, respectively.
+ ei~~α ·~b∂q3 − emβ)ψ. (8)
Rescaling the wave function as ψ = e−1/2ψ(0), we obtain
L =ψ(0)†(i~∂0 −mβ −O(0))ψ(0), (9a)
O(0) =− i~~α · [(~t∂˜s + ~t′/2e) + ~n∂q2 +~b∂q3 ], (9b)
with ∂˜s ≡ e−1/2∂se−1/2. This Lagrangian density is obvi-
ously Hermitian. Below, we use the Dirac representation
~α = ρ1 ⊗ ~σ, β = ρ3 ⊗ 1, ~Σ = 1 ⊗ ~σ, in which ρi, σıˆ are
the Pauli matrices for the particle-hole and spin degrees
of freedom, respectively. In Eq. (9a), the first two terms
are diagonal, while O(0) is off-diagonal and anticommutes
with β.
Applying the thin-layer quantization, we derive an ef-
fective Lagrangian density in the curve [39, 42]. We in-
troduce a strong confinement potential in the normal and
binormal directions. This enables us to assume a sepa-
rable wave function and integrate Eq. (9) with respect
q2, q3. We obtain an effective Lagrangian density for the
tangential part ψ
(0)
t ,
Lt =ψ
(0)†
t (i~∂0 −mβ −O(0)t )ψ(0)t , (10a)
O(0)t =− i~~α · (~t∂˜s + ~t′/2e). (10b)
Carrying out the FW transformation to take the non-
relativistic limit [43, 44], we find that under a unitary
transformation ψ
(0)
t = e
−βO(0)t /2mψ(1)t , the Lagrangian
density can be approximated as
Lt = ψ
(1)†
t [i~∂0−mβ−β(O(0)2t + i~O˙(0)t )/2m]ψ(1)t , (11)
3up to O(m−1). O(0)2t /2m is diagonal, while i~O˙(0)t /2m
is off-diagonal. Retaining the upper block in the diag-
onal terms and dropping the rest mass energy, we ob-
tain the effective nonrelativistic Hamiltonian for a two-
component spinor χ
(1)
t ,
H(1)t =p2s/2m+ ~2κ2/8m+ (~/2m){ps, κ~σ · ~B}/2
=(ps + ~κ~σ · ~B/2)2/2m. (12)
The third term includes the momentum ps ≡ −i~∂s and
the spin ~σ · ~B, in which ~B is the binormal vector in
the original FS frame. We term this as the geometric
SOC. A similar but non-Hermitian result was reported in
Ref. [40]. We believe that our result is physically correct,
since we started with the Hermitian Lagrangian density
and performed the unitary transformation. We empha-
size that the geometric SOC is completely different from
the conventional SOC because the former is O(m−1),
while the latter is O(m−2).
We may carry out the FW transformation before the
thin-layer quantization, but this leads to a different re-
sult,
H(1)t =
p2s
2m
− ~
2κ2
8m
, (13)
The second term is the quantum geometric potential ow-
ing to the curvature [39, 42]. The geometric SOC does
not appear. Similar noncommutativity has already been
pointed out in the context of a curved surface [45, 46].
The relevance of the geometric SOC becomes evident
when we consider a 1d ring. In this case, s = Rφ, κ =
R−1, τ = 0, ~B = ~z, and Eq. (12) is reduced to
H(1)t =
~2
2mR2
(−i∂φ + σ3ˆ/2)2. (14)
Since `3ˆ ≡ −i∂φ is the orbital angular momentum,
`3ˆ + σ3ˆ/2 is the total one. In the relativistic theory,
only the total angular momentum is conserved. When
the subspace is curved, the same occurs even in the non-
relativistic limit.
Edelstein effect caused by the geometric SOC—The ge-
ometric SOC is of the same form as the SOC that has
been assumed in the theoretical literature [28, 29, 31, 33,
35, 36]. In the case of DNA, the radius and the pitch are
R = 1 nm and 2piP = 3.2 nm, respectively [25], leading
to the curvature κ = 0.8 nm−1. The energy scale which is
estimated to be ~vFκ/2 = 160 meV, using a typical Fermi
velocity vF = 6 × 105 m/s [26], is of the same order of
magnitude as the experimental result [22]. In addition,
the obtained geometric SOC is consistent with the exper-
imental fact that the CISS was not observed in a single-
stranded DNA but in a double-stranded one [21]. As
already pointed out [29], any SOC of the first order with
respect to the momentum can be eliminated in a purely
1d curve by a unitary transformation. This is also true
for the geometric SOC. In fact, we obtain H˜(1)t = p2s/2m
by the following unitary transformation,
χ
(1)
t (s) = P exp
[
− i
2
∫ s
0
ds′κ(s′)~σ · ~B(s′)
]
χ˜
(1)
t (s). (15)
Here, P is the path-ordered product along s. There-
fore, the sublattice degree of freedom is essential for spin-
related phenomena.
Thus, we consider a model in which H(1)t (s) and
H(1)t (s+ piL) are coupled via a constant coupling Λ [29].
This model describes two coupled helices as in the double-
stranded DNA [29] or a single helix with the long-range
transfer integral as in α-helical protein [35]. According
to Eq. (4c), the 1ˆ, 2ˆ components of ~B change their signs
by s → s + piL, while the 3ˆ component does not. Thus,
the Hamiltonian of the coupled-helix model is expressed
as
H =p2s/2m+ ~2κ2/8m+ Λρ1 +Bσ3ˆ
+ (~κ/2m)(σ3ˆB3ˆps + ρ
3{ps, ~σ⊥ · ~B⊥}/2). (16)
Here, we have added the Zeeman coupling Bσ3ˆ only for
calculating the expectation value of σ3ˆ for each band
and ps. The s dependence in ~B⊥ can be eliminated
by a unitary transformation χ = e−i(s/L)σ
3ˆ/2χ˜, which
sends ps → ps − ~σ3ˆ/2L,~σ⊥ · ~B⊥ → −(χP/L)σ2ˆ. For
convenience, we introduce the dimensionless parameters
ps = ~`s/L,R = Lr, P = Lp,Λ = E0λ,B = E0b with
r2 + p2 = 1, E0 ≡ ~2/2mL2. The dimensionless trans-
formed Hamiltonian now takes the form
h˜ = `2s + p
2/4 + λρ1 + bσ3ˆ − (p2σ3ˆ + χrpρ3σ2ˆ)`s, (17)
and its eigenvalues are
ρσ` =`
2 + p2/4− σδρ`, (18a)
δρ` ≡
√
p2(`− b− ρλ)2 + r2(b+ ρλ)2, (18b)
for each ρ = ±1, σ = ±1, `, from which we obtain the
group velocity 〈vz〉ρσ` = (χP/~)E0∂`ρσ` and the spin
〈σ3ˆ〉ρσ` = ∂bρσ`. All the quantities correspond to b = 0.
The band structure for R = 1 nm, 2piP = 3.2 nm, and
λ = 0.2 is shown in Fig. 2(a).
When we apply an electric field Ez in the z direction,
the charge current jz and the spin sz are induced in the
same direction. We calculate the electric conductivity
σzz and the Edelstein coefficient αzz, which characterize
jz = σzzEz, sz = α
z
zEz, respectively. In the helix, since
z = χPs/L, the electric field reduces to Ez(χP/L) in
terms of the arc length s. Within the relaxation time
approximation at zero temperature, we obtain
σzz =τreq
2
∑
ρσ
∫
d`
2piL
(〈vz〉ρσ`)2δ(E0(ρσ` − µ))
4(a) (b) (c)
FIG. 2. (a) Band structure of the coupled-helix model. The black (solid) and the red (dashed) lines represent the two lower
bands with σ = +1, while the blue (dot-dashed) and the magenta (dotted) lines represent the two upper bands with σ = −1.
(b) The dimensionless Edelstein coefficient χzz for the interhelix coupling λ = 0.2 as a function of the chemical potential µ.
The dotted lines represent the band edges. (c) The λ dependence of χzz for µ = 0.2, 0.4, 0.6. We use the radius R = 1 nm and
the pitch 2piP = 3.2 nm.
=
τreq
2p2
4pimL
∑
ρσ
∫
d`[2`− σp2(`− ρλ)/δρ`]2
× δ(`2 + p2/4− σδρ` − µ), (19a)
αzz =τreq
~
2
∑
ρσ
∫
d`
2piL
〈σ3ˆ〉ρσ`〈vz〉ρσ`
× δ(E0(ρσ` − µ))
=
χτreqp
4pi
∑
ρσ
∫
d`σ(p2`− ρλ)/δρ`
× [2`− σp2(`− ρλ)/δρ`]
× δ(`2 + p2/4− σδρ` − µ), (19b)
in which τre is the relaxation time, q is the electron
charge, and E0µ is the chemical potential. α
z
z changes
its sign when the chirality changes. In Fig. 2(b), we show
the µ dependence of the dimensionless Edelstein coeffi-
cient χzz = (χqp/mL)α
z
z/σ
zz = (qτ/m)αzz/σ
zz, which
characterizes sz = (m/qτ)χzzj
z. Note that χzz is inde-
pendent of χ, τre. When the chemical potential lies only
in the two lower bands, whose spin quantum number is
σ = +1, χzz changes from negative values to positive
ones, because the integrand in Eq. (19b) is approximated
as −p2 < 0 for small |`| and 2σp|`| > 0 for large |`|.
The two upper bands characterized by σ = −1 have a
negative contribution to χzz. Thus, χzz attains its the
maximum value at the edge of the two upper bands. We
also show the λ dependence of χzz for µ = 0.2, 0.4, 0.6
in Fig. 2(c). χzz vanishes for λ = 0 since the geometric
SOC can be eliminated by a unitary transformation, as
mentioned above. Each peak position corresponds to the
parameter for which the band edge is equal to the chem-
ical potential. We find that χzz is of the order of 0.1 in a
wide range of the parameters λ, µ. Therefore, sz ' 0.01~
can be observed per nm when a charge current of 1 µA
is applied.
To summarize, we have derived the geometric SOC
of O(m−1) starting from the Dirac Lagrangian density
in curved space, then applying the thin-layer quanti-
zation [39, 42] and finally, taking the nonrelativistic
limit [43, 44]. If the order is reversed, the geometric
SOC does not appear. The estimated energy scale is a
hundred meV for a nanoscale helix, much larger than the
conventional SOC expected in light elements. We have
also calculated the Edelstein coefficient in the coupled-
helix model, which describes two coupled helices or a
single helix with the long-range transfer integral. The
current-induced spin polarization depends on the chiral-
ity and is of the order of 0.01~ per nm when a charge
current of 1 µA is applied. Although we have not consid-
ered the detailed compositions or the structures of chiral
molecules, we believe that the emergence of the geomet-
ric SOC is general and provides a theoretical foundation
for the CISS.
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